If in three-space the function u satisfies the differential equation (1) V2u -Xw = 0, X = const.
on and within a three-dimensional sphere S of radius r, then A similar result holds for any number of dimensions n. Thus for « = 2, if « is a two-dimensional solution of (1), (4) A(u) = u0Io(r\112), where A (u) is the mean of u over S, a circle of radius r. The general case of n dimensions is given by r r2\ r*X2 "I This function is expressible in terms of Bessel functions of order n/2 -1 as follows : (7) <pn(r, X) = r(«/2)(rX1'2/2)1-'"27n/i-2(rX1/2).
The familiar Gauss law of the mean for harmonic functions in n dimensions in obtained by putting X = 0 in (1) and (5).
Similar laws are derived below for solutions of (8) (V2 -X)"w = 0 ( §3); for these, it is shown that . d<pn(r, X) A(u) = Uotpn(r, X) + (V2 - = [r2k/2kn(n + 2) ■ ■ ■ (n + 2k -2)}tpn+2k(r, X).
Again the case X = 0 is of special interest; now (8) becomes the repeated Laplace equation:
(11) v2pu = 0, whose solutions are sometimes known as "^-harmonic" functions, while (9) reduces to (12) A(u) = «o+ (V2u)or2/2n + (2p-2)n(n + 2) •■■(« + 2p -4), + (V2p-2M)or2"-2/2-4 so that A (u) is a polynomial in r2.
The most general extension of these laws of the mean considered in this paper is for solutions of the differential equation A--0 of the mean A («) of an arbitrary analytic function u in powers of the radius r ( §4). This series will be recognized as a series whose first p terms agree with the right-hand side of (12) ; it can also be given the symbolic form (18) <bn(r, V2)«o.
Utilizing (17), the following illuminating interpretation is derived for V2*« at a point 0:: where Ax(u), A2(u) axe the means over spheres of radii rx, r2, and the repeated limit is obtained by letting rx approach zero first. The interpretations (19) and (20) are valid not merely for analytic functions u, but each one also for functions u possessing a sufficient number of continuous derivatives.
As a further application of (17) are considered in §5 the functional relations existing in certain cases between the means Ax(u), A2(u) of u over "subspheres" lying in two mutually totally perpendicular flats of m, n-m dimensions ( §5, equations (64), (70), (71), (74), (75), (77), (79)). These include a theorem of Asgeirsson and some theorems of Bateman. The functional relations of §5 are utilized in §6 for inverting the averaging operation A, under certain assumptions regarding the function u.
One feature that is common to the laws of the mean (2), (4), (9), (14), as well as the indicated modification of (14), is that in every case A(u) is linearly dependent upon p functions fx(r), ■ ■ ■ ,fP(r), which depend on the radius r but are independent of the center 0, while the coefficients of dependence, d, axe independent of the radius r but do depend upon the position of the center 0. Thus, This property of solutions of these differential equations actually completely characterizes them, as is shown by the following converse ( §7) :
Converse Theorem. Let there be given a function u over a region R and of class C(2p) there. Let (22) fx(r), ■■■,fp(r) be p linearly independent functions of a variable r, of class C(2p) in r for 0 ^ r <p and whose odd derivatives f¿2k+1)(r), k = 0, ■ ■ -, p -1, vanish at r = 0* If (21') holds for a sphere of radius r and center at O for any position of the center O in R and sufficiently small radius r, then u must satisfy an equation of the form (13) for proper constants ci; while the functions /,-(r) must reduce to a set of p solutions of the ordinary differential equation
which are analytic at r = 0. The latter solutions are exhibited above in (16) for the general case in which the operator on the left 0/ (13) factors as in (15').
The differential equation (23) results from (13) if it is supposed that u depends only upon r, the distance from a fixed point. We shall refer to such solutions as "symmetric" solutions.
A particularly interesting special case of this converse is given by the following result:
If, for a function u of class C(2p) in R (24) A (u) = polynomial of degree p in r2, for any position of the center O in R and sufficiently small radius r, then u satisfies (11) (or is /»-harmonic).
The above laws of the mean and their converse involve symmetric solutions of (13) (or solutions of (23)) which are analytic at r = 0. Symmetric solutions of (13) which are not analytic at r = 0 occur when the function u under consideration satisfies the proper differential equation not in the complete interior of a sphere 5 but only over a spherical shell Ra,b between two concentric spheres Sa, Sb of radii a, b; 0>a^r^o ( §3). As an example, in a ■three-space, if u is harmonic in such a spherical shell Ra,h, then for the various spheres concentric with Sa, Sb the mean is given by (25) A(u) =Ci + C2/r, where G, C2 are constants. Even this simple result does not appear to be as familiar as its simplicity warrants. The method of proof used in deducing the various laws of the mean is, itself, of some interest, particularly in view of its elegance and simplicity. It consists in regarding the operation which replaces u over each of a concentric family of spheres by its spherical mean A(u) over that surface, as a linear functional operation A, and utilizing the permutability of the operator A with the operator V2. This operator A is discussed in a preceding paper* to which we shall refer briefly as I, where its above mentioned property is proved (I, Theorem 1). We shall suppose that the reader has familiarized himself with I, at least with its introductory §1, with the definition of A and of the other operators contained in it, and with the statement of the theorems. The details of the proof of I, however, are not essential for a thorough understanding of the present paper.
Some of the above results, a search of the literature has revealed, are not 
result if one starts with the simple solution of (1) in the plane for X= -l:u = eizi, and averages it over circles with center at the origin. Again, the Laplace integral for the Legendre polynomial:
is obtained by starting with the elementary harmonic function (xx+ix2)" in three-space and averaging it over circles having the Zi-axis as their axis. Similarly, the expansion
(1 -2r cos 6 + r2)"1'2 = £ r"Pn(cos 8) may be proved by averaging over the above circles the geometric series 1 2^
(xx + ix2y.
However, a systematic application of the results of this paper is reserved for a forthcoming paper entitled On integral representation of Bessel and related functions.
Another forthcoming paper somewhat related to the present one is entitled Green's formulas for analytic functions. In this paper is proved the analyticity of solutions of (13) as well as their expansibility in spherical harmonics. * H. Weber, Mathematische Annalen, vol. 1 (1869), p. 7; Crelle, vol. 49 (1868) , p. 222.
On solutions of ^dL^V)
=0 for general linear operators L. Application to symmetric solutions of (13). In this section we shall obtain explicit forms for symmetric solutions of (13), that is for solutions of (23). As noted above, these solutions play an essential role in the laws of the mean considered in this paper.
Before taking up (23) and its solutions consider the equation
where L is a linear functional operator, and X is an arbitrary constant. It will be shown how solutions of (26) can be made to yield solutions of The solution of (26) depends upon the parameter X as well as upon proper independent variables; consider a solution u which is analytic in X at X=X0. Expanding u in powers of X-X0:
applying L term-wise to the right-hand of (28), and comparing coefficients of like powers of X-X0 on both sides, we obtain the recurrence relations (omitting the subscript in X0) :
provided the term-wise application of L is justifiable. From (29) 
where Xi, X2, • • ■ are the roots of ^c,Xi = 0, and mx, m2, • • • their respective multiplicities. Now obviously, solutions, say, of (L-\x)miV = 0 axe also solutions of (L-Xi)mi(Z,-\2)m2V = 0, and, therefore, also of (27). Hence we conclude that from the solution u of (26), the following p solutions of (27) (30') u, -, ■ ■ ■ , --dp dpk '
are solutions of (31). Indeed, from the differentiation formulas du du d\ d2u d2u /d\\2 /du\ d2\ dp ~ ax dp ' dp2 ~ ax2 \dp) \d\) dp2 ' it follows that the functions (30') can be expressed linearly in terms of the functions (30).
Returning now to symmetric solutions of the differential equations (1), (8), (11), (13), we replace V2 by
thus converting them into ordinary differential equations. Thus (1) becomes
Two solutions of (34) are readily verified to be 4>"(r, X) given by (6) and 
indicates that the factor zero that would occur in the indicated product for even n and k gt (n/2) -1 should be omitted. These solutions result in a natural manner when one attempts to integrate (34) by means of a power series in X admitting term-wise r-differentiation. The solution <bn is analytic for all r and X; likewise for \pn except for r = 0. We denote the coefficient of X* in (35) by V",k+i (r) or by Vk+i(r) if the omission of the subscript n leads to no confusion, thus:
*(r,X) = Zx*F*+i(r).
Applying the conclusions established above regarding solutions of the functional equation (26) to the present case, there follows for k > 1
there also follows that
are symmetric solutions of (11). These results are obtained for X0 = 0. Similarly for general X0 are obtained the recurrence relations
Finally, we' conclude that symmetric solutions of (13) are given by (16) and by similar derivatives of ipn(r, X). The various solutions of the proper (ordinary) differential equations just obtained may be shown to be linearly independent thus furnishing a complete set of such solutions upon which any solution would depend linearly.
For X^O these solutions may be expressed in terms of Bessel functions. Indeed, by introducing v = rnl2~1u and letting y -( -X)1/2r (where either determination of (-X)1'2 is used) equation (34) An advantage of the solution \f/n over the Bessel function form lies in its analyticity at X = 0. The relation between </>" and the Bessel functions is given by (7) ; the expression of \¡/" in terms of the latter is given by
where, as in (41) y = (-X)1/2r, m = n/2 -1. Similarly, for non-vanishing X, the symmetric solutions of (8) t/_m_i(y) for n odd "I m = n/2 -1, y = Ym+i(y) for n even J i = 0, ■ ■ ■ , p -1.
To prove this, replace the X-differentiations by differentiations with respect to log (X)1'2 (or log (-X)1/2) thus operating on (41) with the operator 2Xd/dX = yd/dy, and utilize the formulas
and similar formulas for z"Jv(z) and z~"F"(z).* It may be concluded from the above that Bessel functions of order m = n/2 -1 and argument y = (-X)1/2r are linearly dependent on the functions ym<pn(r, X), yi/nir, X). Hence the functions appearing in (43) and therefore also in (40) can be expressed linearly in terms of y2tyn+ii, y2iiJn+2i-Thus a set of solutions of (8) for X ^ 0 is also furnished by (45) r2i<t>n+2i(r, X), r2irpn+2i(r, X); i = 0, ■■■ ,p-1.
For X 5¿0 this set is, again, linearly independent. The symmetric solutions of (13) can now be similarly expressed in terms of Bessel functions by means of the factorization (15'), a set of the form (43) or (45) corresponding to each repeated root.
3. Laws of the mean for solutions of (13). Consider a solution of (1) in a spherical shell Ra,b or in a sphere Rb. Applying the operator A to both sides of (1) for spheres concentric with boundaries there follows ,4(V2m) -\A(u) = 0. Now, by I, Theorem 1, the first term above may be replaced by V2 [.4(«) ]. Hence, A(u) also satisfies (1). Since A(u) is symmetric, we conclude that (46) A (m) = C0n(r, X) + Ehpn(r, X), where C, D are constants. The values of the latter depend upon the particular solution u as well as upon the position of the center. Thus it follows from I, Theorem 1, that if u satisfies (1) in a spherical region Rb, then such is also the case with A(u). Since A(u) is of class C" at r = 0, the constant D in (46) must now vanish. Putting r = 0 to determine the remaining constant C, we obtain = C. (47) A(u) =C + DVx(r), which reduces to (25) for n = 3.
More generally, by applying the operator A to both sides of (13) and permuting A with V2, V4, ■ • ■ (see I, §9) one proves similarly that if u is a solution of (13) in Ra,b or in Rb, then A (u), likewise, satisfies (13) there. Being symmetric A (u) must therefore reduce to a linear combination of the functions (16) and of the corresponding i^-functions. Thus, for the general case of (13), (15) dm^hf/(r, X) (48) A ( Now consider an arbitrary analytic function u; placing the origin at the center O, we may write the Taylor series formally thus :
where the exponential is to be expanded as an w-fold power series, each term multiplied by uo, and the formal product then replaced by the corresponding partial derivative of u at the origin. Since the convergence for r less than a proper p > 0 is uniform, we may average term by term ; the result is, therefore, the same as the average for the above example written as an «-fold power series in c, where the latter are replaced by the fictitious quantities d/dxi and the resulting terms interpreted as above. Hence, for r<p (18) follows, or, more explicitly, (17). A more direct proof of (17) is obtained by expanding A (u) in powers of r2; (54) Aiu) =Co + C2r2 + CAr<+ ■ ■ ■ , and determining the constants C2¿ by applying V2i to both sides, replacing V2iA(u) by A(V2iu), putting r = 0, and utilizing the latter part of (37). To justify the expansion (54), write the Taylor series of u in the form
kl drk where d/dr denotes differentiation along the ray from the origin through Xi, • • • , x", with respect to the distance r from the origin. Upon taking means of both sides a series such as (54) will result, since, for odd k the contributions from opposite directions toward the mean will cancel each other.
Comparing the coefficients of the powers of r2 in (17) with those obtained by averaging the last member of (55) we obtain (19). To derive the first relation (20), transpose the first term on the right of (17) 0 = 0) to the left, divide by r2, and let r approach zero ; the further relations (20) are derived in a similar fashion by utilizing the preceding ones.
The interpretations (19), (20), for V2, V4, • • • are proved for non-analytic functions of class C-2k) for proper k by replacing (53), (55) by finite sums with a remainder term of the form o(r2k) and deriving from these a similar modification of (17). for the integrals of u over the surface and the volume of S. Likewise by differentiating (17) with respect to r, then multiplying by S, one may obtain similar series for the surface integrals over 5 of the normal derivative of u of any order. 5. Applications of (17). As a further application of (17), consider the means ^4i(«), ^42(w) of analytic functions u over "subspheres" Si, S2 lying in two mutually totally perpendicular flats of m, n -m dimensions : (58) Si:xi2 + x} + ■ ■ ■ + xm2 = r2, xm+i = xm+2 = • ■ • = xn = 0, Application of (17) (for sufficiently small r) yields * Here, as in I, Kn denotes the "area" of a unit sphere in n-dimensions. There exists thus a definite ratio between the coefficients of r2 in (60) and (61) : this proves the above statement. Denote Ax(u), A2(u) by fx(r), f2(r). For even n and m = n/2 (and harmonic functions u), the functional relation reduces to (64) h(r)-h(ir). Either (66) or (68) is readily established by termwise multiplication and integration, utilizing the Eulerian integral of the first kind; the results are valid at least in the circle |r| <p in which gp is analytic. The relation (68) will be recognized as an Abel integral equation; it is related to "fractional integrals"* and will be recognized as equivalent to
For even q the solution of (68) is given by
while for odd q the fractional integrations or differentiations cannot be eliminated, and the solution of (68) is given by
To apply the above to the means fx(r), f2(r) for m^n/2, suppose that m<n/2, and put p = m, p+q = n -m, gp(r) =fx(r), gp+q(r) =f2(ir), (or else put gp(r)=fi(ir), gP+q(r)=f2(r)). There results
and, in particular, for even n and m = n/2 -1, * See, for instance, the author's paper on Eeaviside's operational calculus, American Mathematical Monthly, vol. 43 (1936), pp. 332-334,339. t Another way of expressing the linear functional relation in question is by means of M*-¿/*«*(£'.{?$)* where F is the hypergeometric function, and the integration is carried out over a circle | i| = const. on and within which/, is analytic, and for \r\ <\s\ .This relation holds for any integer p, p', P^p'.
-(t-0/.' (71) r"'2-y2(r) = (-111 fi(is)s»i2-2ds.
The special case of (71) (67)- (69'), gp, gp+q are replaced by fi(r),f2(r) directly, so that for even n (69) yields
The proof of the above results is based upon the analyticity of u and of fi(r), f2(r); this is necessarily the case with harmonic functions and their means; however, solutions of (72) need not be analytic in all the variables. That the results obtained for solutions of (72) do apply, whether they are analytic or not, follows from the fact that one may approximate to a function and its first and second derivatives by means of an analytic function and its derivatives.
Applying (74) Annalen, vol. 112 (1936) . X A one-dimensional "sphere" along the 1-space (x-axis) is the locus (x-x<,y=r2, where x<¡ is the center, r the radius; it consists of the two points x<¡+r, x0-r. The "spherical mean" of a function u(x) over it is to be understood as [uixa+r)+u{xa-r)]/2.
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For the three-dimensional wave equation
a relation similar to (71) yields !/* rlc = I u0(t + t')dt'/(2r/c),
where the left-hand member is the mean of u at the time t over a sphere of radius r, while the right-hand member is the time-average of u at the center over the time interval t-r/c, t+r/c* 6. Inversion of the averaging process. The relations between means over spheres in two mutually perpendicular directions considered in the preceding section are also of interest in connection with the inverse problem of spherical means. Of course, the operation A does not possess a unique inverse, since many different functions can give rise to the same spherical mean. However, if the function u is properly restricted, then the operation A may be inverted uniquely. Thus we may ask: what even function/(xi) of the single variable Xi, will, when averaged over spheres with center at the origin, give rise to a given function f2(r)?
Suppose the f2 is analytic in r2 and fx in x2. The following relations hold at the origin (that is at the center of the spheres) :
ence between the coefficients of the expansions of /i in powers of Xi2 and of f2 in powers of r2 exist the same ratios as between the coefficients of powers of r2 in (60), (61) for the case (73) provided m,n -m are replaced by 1 and n respectively.
Similarly, if it is supposed that n is an even function of
the coefficients of the expansions of A (u) in powers of r2 and of u in powers of x2 will have the same ratios as the coefficients of the powers of r2 in (60), * The time t -r/c corresponds to the moment at which spherical wavelets should start from the points of the sphere, so that as they diverge with the characteristic velocity c, they will arrive at the center at the time t; similarly for t+r/c and converging spherical wavelets.
(61) for the case (73) provided m, n -m are replaced by m, n. Carrying out the necessary modifications in (66), there results
The relation (81) This is readily reduced to (81).
The uniqueness of the averaging process may now be based upon the known facts concerning the solution of (81).
The results of this section will be applied in the paper On integral representations, etc., mentioned at the end of §1.
7. Converse theorem. We start the proof of the converse theorem described in §1 by noting that if in fi(r) = polynomial of degree p in r2 + 0(r2)
we replace r2 by xx2 + ■ ■ • +x"2, then/i(r), regarded as a space function in a Then, by a reversible linear transformation on/,(/■) (consisting in permuting, if necessary, two functions, then dividing the first function by its value at r = 0, and adding a constant multiple of it to the others) it is possible to transform them into a new set of functions for which the corresponding matrix has for the elements of the first row the numbers 1, 0, • ■ • , 0. Similarly, if in the new matrix not all the elements of the second row beyond the first element vanish, it is possible to obtain p new functions related to the former ones by a reversible linear transformation and such that their matrix has for its first two rows the first two rows of the unit matrix : one needs only to transform the functions beyond the first one in a fashion similar to the above and then add to the first function a proper constant multiple of the second one. This may be continued till either (a) the matrix m has been transformed into the unit matrix, or else, (b) the matrix m has been transformed into a matrix whose first p' -l rows, P' íkp, are rows of the unit matrix, while in row p' the principal diagonal term and all the terms following it vanish.
Denote the new functions of r into which/,(r) have thus been transformed by Fi(r), and write in place of (21) (83)
In case (a) consider (83) for an arbitrary but fixed 0. Interpreting each member as a space function in the neighborhood of 0, apply V2' (/ = 0, 1, ■ ■ ■ , p-i) to both sides, and put r = 0. Replacing V2' A(u)\r~o by ^4(V2%)| r=0 hence by V2,'«| r=o, we obtain at O (hence everywhere inside R)
Applying V2 once more to (83), putting r = 0, and utilizing the results obtained, we get (84) V2pA ( We have thus proved that u satisfies an equation of the form (13).
In case (b) we obtain in a similar way from the first p' applications of V2 a differential equation for u of the form (13) but of lower "order" p'. Applying the results of §3 it follows that A(u) is linearly dependent on p'<p functions of r. This case therefore reduces to case (a) with a value of p lower than the value initially used.
As an example, suppose that for u of class C", A(u) is proportional to the same function f(r) for any concentric spherical family irrespective of the position of the center;/is supposed to be of class C" in r and/'(0) =0. Then (84) yields
In particular, if/"(0) =0, « is harmonic. We close this section by considering the interesting question as to whether there exists a theorem similar to the one just proved but converse to those results of §3 for which the averages A (u) axe taken over spheres lying in a spherical shell Ra,b and enclosing the inner sphere, so that A(u) is linearly dependent on functions fi(r), not all of which are regular at r = 0. Thus, in the plane, if u is harmonic in a ring Ra,h, the average over concentric circles of radius r and enclosing the inner boundary r = a is given by A log r+B, where A and B axe constants whose value depends upon the position of the center. Now suppose conversely, that u is of class C" in Pa,¡, and that the average for circles of above description is given by A log r+B; could one infer that u is harmonic ? That such need not be the case can be seen from the following example.
Let u = xx log (xi2+x22), so that V2u = 4xx/(xx2 +x¿), V4w = 0; u is biharmonic but not harmonic. It will be shown that in spite of u not being harmonic, A (u) is of the form A +B log r for any family of circles enclosing the origin.
Since V% = 0, A(u) =AVx(r)+BV2(r) +C+Dr2, where A, B, C, D, are constants depending upon the position of the center. Holding the latter fixed, applying V2 to A(u), and replacing V2A(u) by A(V2u), there results A(rf2u) = BVi(r) + 47) = B log r + 47».
Letting r become infinite, it follows that B = D = 0. since V2u vanishes at infinity.
8. A generalization of (17). In this section is established the following generalization of the law of the mean (17) :
Here « is analytic at the origin, which point will be supposed to be the center of the spherical family implied in the averaging operation A ; Pk is a homogeneous polynomial of degree k ; the indicated term on the right-hand side is obtained by replacing X by V2 in the X-power expansion of d^ty/dX*-*, multiplying the resulting series term wise by V2iPk in which Xj, x2, In particular
Hence, the mean of Pkexp[cxxx + • • • ] may be evaluated by means of (9). The last term of the right-hand sum of (9) Having thus established (85) for an exponential function, the case of a general analytic function is now deduced from the above, as in (24), by means of the formal representation of the Taylor series by means of an exponential.
The result (86) (for n = 3) is due essentially to Hobson.* It will be utilized in the following section in connection with obtaining analogues of the results thus far obtained for means and the functional operator A, to other functional operators considered in I.
An interesting application of (85), (86) provided that the factorization of the left-hand member of (13) has no repeated roots. For k = 0 this reduces to (14). Turning to other operators discussed in I, consider the operators A* (see I, §7), which generalize Lk to non-integer k: (99) Ak(u) = hk(Q) f h¿(ü')u(r, ü')dü';
here hk, hk are solutions of I, (12) :
(100) A2h = -k(k + n -2)h along (Riemann surfaces spread over) the unit sphere. It is found that for solutions of (8) the differential equation (93) Consider finally non-Euclidean spaces Nn and operators permutable with A2, the second invariant differential operator of Beltrami. To them belong the operators Lh, L*, L** of I, §8, applied respectively over spheres, horospheres, and equidistant surfaces, the two latter in the Lobatchevsky space. Here Lk is given by (91), where r, u are spherical coordinates, and hk, hi satisfy the equation (100) it is given by (101) with xn replaced by £, where h, h' satisfy (100). Now, a solution of (104) Hence if q is chosen as a root of (109) q(q + n -1) + X = 0, then v is harmonic in En+X. This relation will be utilized in the paper On integral representations etc. cited in §1. In concluding we recall briefly the extensions of some of the above results to certain discontinuous functions. Consider, for instance, for « = 3 the function 1/Vi, where rx is the distance from a fixed point Pi. The operations A or Lk applied over spheres with center at P yield harmonic results to each side of the sphere Sx passing through Px. From the interpretation of Lk(u) in terms of the distribution of the unit mass at Pi over Sx (see I, §9) follows that I(r) is continuous at r=PPx, but that its derivative is discontinuous there by the amount [hk (up), the value of hk at Pi]/47r. A convenient way of proving this and other similar results is by spreading out the concentrated (point) mass over a finite region, thus representing 1/V as the limit of a function with a continuous Laplacian.
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